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1. Background
A Steiner triple system of order v , abbreviated STS(v), is a collection B of 3-sets of V , called blocks or
triples, such that every distinct pair of elements of V lies in exactly one triple of B . An STS(v) exists
exactly when v ≡ 1 or 3 mod 6, the admissible orders. It is interesting to note that for every admissible
v and for every positive r  v − 3 an STS(v) has r blocks containing r + 3 points [2]. However,
for a given r, there may exist Steiner triple systems that do not contain r blocks with only r + 2
points. We deﬁne an r-sparse Steiner triple system as those Steiner triple systems which contains no
conﬁgurations of r blocks with r + 2 points. In 1976, Erdös [1] conjectured that for any r, there exists
a constant v0(r) such that an r-sparse STS(v) exists for admissible v  v0(r). For large r, r-sparse
Steiner triple systems are diﬃcult to ﬁnd. Every Steiner triple system is 3-sparse. The spectrum of 4-
sparse systems is known as well as the density of the spectrum of 5-sparse Steiner triple systems [9]
and recently an inﬁnite class of 6-sparse Steiner triple systems was discovered [2]. To date, there is no
record of a 7-sparse Steiner triple system. 4-sparse Steiner triple systems are exactly those systems
that lack Pasch conﬁgurations. A Pasch looks like:
{a,b, c}, {a,d, e}, { f ,b,d}, { f , c, e}.
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Steiner triple systems are exactly those that avoid Pasch conﬁgurations and mitres. A mitre looks like
{a,b, c}, {a,d, e}, {a, f , g}, {b,d, f }, {c, e, g}.
The element a that occurs in three of the triples of the mitre is called the center of the mitre. Gener-
ally, mitre conﬁgurations in this paper are written out with the ﬁrst three triples as the triples with
the center and the ﬁrst three elements of the ﬁrst three triples as the center.
Here are some deﬁnitions that we use in this paper:
Deﬁnition 1.1. A (partial) Latin square of order n is an n × n matrix M = (mxy) with entries from an
n-set V , where every row and every column is a (partial) permutation of V . Labeling the rows and
columns by V , it is convenient to view a Latin square as a pair (V , B), where B is a set of ordered
triples on V such that (x, y, z) ∈ B if and only if mxy = z for x, y, z ∈ V .
A Latin square is called symmetric if whenever (x, y, z) is a triple of the square, then so is (y, x, z).
A triple (x, y, z) of a Latin square is called super-symmetric (with respect to the square) if (x, z, y),
(y, z, x), (y, x, z), (z, x, y) and (z, y, x) are triples of the square as well.
An idempotent square on V is a Latin square that contains the triples (x, x, x) for all x ∈ V .
Deﬁnition 1.2. A deleted symmetric square on a set V is a partial Latin square that can be obtained
from an idempotent symmetric Latin square (V , B) by removing the triples (x, x, x) for all x ∈ V .
Deﬁnition 1.3. An N2 square is a (partial) Latin square on a set V that has no subsquares of order 2,
i.e. does not contain four triples:
(x, y, z), (x,a,b), (w, y,b), (w,a, z)
for x, y, z,w,a,b ∈ V .
Deﬁnition 1.4. Let B0, B1 and B2 be N2 deleted symmetric squares of order n, on an n-set V , where
the index i of the square Bi is taken as an element of Z/3Z. If the systems avoid each of the following
conﬁgurations:
(x, y, z) ∈ B0, (x, z,w) ∈ B1 and (x,w, y) ∈ B2, (Q )
(x, y, z), (x, z, y) ∈ Bt , (y, z, x) ∈ Bt+2 (M1)
(x, y, z), (y, v, x), (x, v,w) ∈ Bt , (z,w, x) ∈ Bt+1 (M2)
(x, y, z), (y,w, x) ∈ Bt, (x, z, v) ∈ Bt+1 and (x, v,w) ∈ Bt+2 (M3)
where x, y, z, v,w ∈ V (not necessarily distinct) and t ∈ Z/3Z, then the system is called a meager
system of order n. We denote the system by (V , B0, B1, B2). If B0 = B1 = B2, then we simply refer to
(V , B0) as a meager square of order n.
In [9], meager systems were introduced as a means to construct 5-sparse Steiner triple systems
based on the following lemma:
Lemma 1.5 (Wolfe). (See [9].) Suppose there is a meager system of order n. Then there exists a 5-sparse Steiner
triple system of order 3n.
Note: The following proof of Lemma 1.5 utilizes a cross-product construction. For convenience, for
any sets V1 and V2, we write an element (x, y) ∈ V1 × V2 as xy and we refer to the form of xy as the
ﬁrst coordinate x.
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order 3n on Z/3Z × V as follows: Include triples1 {tx, t y, (t + 1)z} for (x, y, z) ∈ Bt and t ∈ Z/3Z and
triples {0x,1x,2x} for x ∈ V .
If there is a Pasch in the construction, then the Pasch must have one of the two forms:
1. {t, t, t + 1}, {t, t, t + 1}, {t, t, t + 1}, {t, t, t + 1} for some t ∈ Z/3Z.
2. {0,1,2}, {0,0,1}, {2,1,1}, {2,0,2}.
In the ﬁrst case, the Pasch would have come from a subsquare of order 2 from Bt which is impossible
since Bt is assumed to be N2. In the second case, ﬁlling in the subscripts would lead to the Pasch
{0x,1x,2x}, {0x,0y,1z}, {2w ,1x,1z}, {2w ,0y,2x}
but the last three triples give a (Q )-conﬁguration which cannot happen. Thus there are no Pasch
conﬁgurations.
If there is a mitre in the construction, then without loss of generality, the mitre could only have
one of the following forms:
1. {0,0,1}, {0,1,0}, {0,2,2}, {0,1,2}, {1,0,2}.
2. {0,1,2}, {0,0,1}, {0,0,1}, {1,0,0}, {2,1,1}.
3. {0,1,2}, {0,1,0}, {0,2,2}, {1,1,2}, {2,0,2}.
1. Form 1 holds. Filling in the subscripts in the ﬁrst form gives us the mitre:
{0x,0y,1z}, {0x,1y,0z}, {0x,2y,2z}, {0y,1y,2y}, {1z,0z,2z}.
Then we have (x, y, z), (x, z, y) ∈ B0 and (y, z, x) ∈ B2, but this is an (M1)-conﬁguration.
2. Form 2 holds. Filling in the subscripts in the second form gives us the mitre:
{0x,1x,2x}, {0x,0y,1z}, {0x,0v ,1w}, {1x,0y,0v }, {2x,1z,1w}.
Thus we have (x, y, z), (y, v, x), (x, v,w) ∈ B0 and (z,w, x) ∈ B1, but this is an (M2)-conﬁguration.
3. Form 3 holds. Lastly, ﬁlling in the subscripts for the third form gives us the mitre:
{0x,1x,2x}, {0x,1v ,0z}, {0x,2w ,2y}, {1x,1v ,2w}, {2x,0z,2y}.
Thus (x, y, z), (y,w, x) ∈ B2, (x, z, v) ∈ B0 and (x, v,w) ∈ B1 which is an (M3)-conﬁguration.
Hence the resulting Steiner triple system could not have any mitres as well. Thus it is 5-sparse. 
The meager system avoiding (M1)–(M3)-conﬁgurations assured that no mitres will occur in the
construction. The squares being N2 and avoiding (Q )-conﬁgurations assured that the result will lack
Pasch conﬁgurations.
The following sections develop various meager square and meager system constructions which are
used in Section 5 to show that meager systems exist for each odd order n  9 and thus allow us to
determine the spectrum of 5-sparse Steiner triple systems of orders 3 mod 6.
2. Transitive meager square construction
In this section, we give an inﬁnite class of point transitive meager squares. These squares give rise
to transitive 5-sparse Steiner triple systems.
Deﬁnition 2.1. Let G be an abelian group of order n. A partial Latin square (G, L) is said to be (point)
transitive if whenever (x, y, z) ∈ L, then also (x + a, y + a, z + a) ∈ L for any a ∈ G . (The action of the
1 The idea for using the forms {0,0,1}, {1,1,2} and {2,2,0} to produce a 5-sparse Steiner triple system came from a common
Bose construction for 4-sparse Steiner triple systems that can be found in [4] and generalized in [5].
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the same addition is applied to the rows, columns and entries.)
In this paper, transitive shall always refer to point transitive.
Comment. If the group G is cyclic, then we call the transitive square diagonally cyclic as does the
author in [7].
Lemma 2.2. Let G be an abelian group of odd order n and suppose we have a transitive meager square (G, L)
with respect to the group G. Then there exists a transitive 5-sparse Steiner triple system of order 3n with respect
to the group Z/3Z × G.
Proof. Construct the triples of the Steiner triple system as in Lemma 1.5 on Z/3Z × G as follows:
1. Include triples {tx, t y, (t + 1)z} for t ∈ Z/3Z and (x, y, z) ∈ L.
2. Include triples {0x,1x,2x} for x ∈ G .
Applying the action of Z/3Z × G to triples of the ﬁrst and second kind yields triples of the ﬁrst and
second kind, respectively. Thus the Steiner triple system is transitive. By the proof of Lemma 1.5 it is
also 5-sparse. 
We begin our discussion of the transitive meager square construction with a special transitive
deleted symmetric square construction.
Theorem 2.3. Let q be a prime power, q odd. Write q = 2rk+ 1 with k odd. Let χ be a multiplicative character
on GF(q)∗ of order 2r . Let  ∈ C be a primitive 2r th root of unity. Deﬁne H = {0,1,2, . . . ,2r−1 − 1}. Set S as
S = {x ∈ GF(q)∗: χ(x) =  i, i ∈ H}.
Let α ∈ GF(q) such that χ(α) = −1. Deﬁne the set of ordered triples Wα as including those triples attained
by applying the mappings on GF(q) having the form x →mx + b on (1,α,0) and (α,1,0) where m ∈ S and
b ∈ GF(q). Then Wα is a point transitive deleted symmetric square on GF(q).
Remark. It is clear that Wα is point transitive, however, since S is not a group, Wα is not necessarily
block transitive. Also, notice that, up to isomorphism, the structure is uniquely determined by the
parameter α.
Proof. Assume as in the hypothesis. To see that Wα is a transitive deleted symmetric square, it suf-
ﬁces to show that the set of triples {(m,mα,0), (mα,m,0): m ∈ S} forms a complete set of starter
blocks for the supposed transitive deleted symmetric square. To this end, we only need to check the
two conditions:
1. {{m,mα}: m ∈ S} is a 2-partition of GF(q).
2. {±m(1− α): m ∈ S} = GF(q)∗ .
Both conditions follow from the fact that mα,−m /∈ S for m ∈ S . 
From now on, let us refer to a system Wα as a block generated deleted symmetric square of order q,
BGDSS(q), with parameter α. Let us call the character χ in Theorem 2.3 as a maximally even mul-
tiplicative character of GF(q) and the set S as the scaling set with respect to χ and  . For careful
choices of α, we will see that a BGDSS(q) with parameter α is a meager square.
Deﬁnition 2.4. Let q be a prime power. Let X, Y ⊆ GF(q)∗ . We say X moves Y if for every y ∈ Y there
is an x ∈ X where xy /∈ Y .
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scaling set for GF(q)with respect to χ and some primitive 2r th root of unity. Let α ∈ GF(q)with χ(α) = −1. In
addition, suppose α /∈ {−1,2,1/2}, { 2α−1 , −(α
2+1)
α−1 } moves S, {α−12 , −(α
2+1)
2 } moves S and α does not satisfy
any of the following equations:
α2 − α + 1 = 0,
α2 − 3α + 3 = 0,
3α2 − 3α + 1 = 0.
Let B be a BGDSS(q) with parameter α (with respect to the character χ and scaling set S). Then B is a meager
square.
Proof. Assume as in the hypothesis. To see that B is a meager square, we ﬁrst investigate whether the
square is N2. Suppose, on the contrary, B has a subsquare of order 2. Without loss of generality, we
can take the subsquare to look like (x, xα,0), (x, y, z), (w, xα, z), (w, y,0) with x ∈ S and x, y, z,w
distinct and x, z = 0. Translating the second and third triples by −z, we get that the three triples
(x − z, y − z,0), (w − z, xα − z,0) and (w, y,0) are in B . We have the following cases to consider
depending on which elements lie in S .
1. x− z,w − z ∈ S . Then y− z = α(x− z) and xα − z = α(w − z). It follows that y−αw = 2(1−α)z.
Thus y−αw = 0. So it must be that y ∈ S and so w = αy. But then w− z = α−12 y and x = α
2+1
2α y
which is impossible since {α−12 , −(α
2+1)
2 } moves S .
2. x− z, xα − z ∈ S . Then y − z = α(x− z) and w − z = α2x−αz. It follows that (α2 −α)x = w − y.
If y ∈ S , then w = αy and so αx = y which is impossible since {α} moves S . Thus w ∈ S and so
y = αw . But then x− z = −(α2+1)α−1 x and αx− z = −2αα−1 x which is impossible since { 2α−1 , −(α
2+1)
α−1 }
moves S .
3. y − z,w − z ∈ S . Then x − z = α(y − z), xα − z = α(w − z). If y ∈ S , then w = αy. In this case
it follows that x(1 − α) = w(1 − α) and so w = x which cannot happen. So it must be that
w ∈ S and so y = αw . But then y − z = 2α−1 x and w − z = α
2+1
α(α−1) x which is impossible since
{ 2α−1 , −(α
2+1)
α−1 } moves S .
4. y − z, xα − z ∈ S . Then x − z = α(y − z), w − z = α2x − αz. Then (α2 + 1)x = αy + w . If w ∈ S ,
then y = αw . But then (α2 + 1)x = (α2 + 1)w . In this case, it follows that α2 + 1 = 0 which
cannot happen by χ(α) = −1. So it must be that y ∈ S . Then w = αy. But then αx − z = α−12 x
and y = α2+12α x which is impossible since {α−12 , −(α
2+1)
2 } moves S .
Thus there are no subsquares of order 2 in B .
To see that B has no (Q )-conﬁgurations, assume on the contrary, that there is a (Q )-conﬁguration.
Without loss of generality, we may take the conﬁguration to look like (0, y, z), (0, z,w), (0,w, y)
with y, z,w distinct non-zero elements of GF(q). Thus there are triples (−z, y − z,0), (−w, z −
w,0), (−y,w − y,0) ∈ B . Let k1,k2,k3 be numbers in {−1,1} where
−z = αk1 (y − z),
−w = αk2 (z − w),
−y = αk3 (w − y).
It follows that(
1− α−k1)(1− α−k2)(1− α−k3)= 1. (1)
If the ki ’s are not all the same, then without loss of generality we can assume that k2 = k3 and
k1 = k2. This gives us two cases:
1492 A.J. Wolfe / Journal of Combinatorial Theory, Series A 115 (2008) 1487–15031. k1 = 1, k2 = k3 = −1. Then (α − 1)3 = α. Thus χ(α − 1) = −1. In this case z,−w ∈ S . Yet
(α − 1)(−w) = z which cannot happen since {α − 1} moves S .
2. k1 = −1, k2 = k3 = 1. Then (α − 1)3 = −α2. Thus χ(α−1−α ) = −1. In this case, −z,w ∈ S . Yet
α−1
−α w = −z which cannot happen since {α−1−α } moves S .
If the ki ’s are each 1 then α2 − 3α + 3 = 0 which cannot happen. If the ki ’s are each equal to −1,
then 3α2 − 3α + 1 = 0 which cannot happen. Thus there are no (Q )-conﬁgurations.
For showing that there are no (M1)-conﬁgurations, it suﬃces to show that no (M2)-conﬁgurations
exist since a general (M1)-conﬁguration (x, y, z), (x, z, y), (y, z, x) in B produces the (M2)-conﬁguration
(x, y, z), (y, v, x), (x, v,w), (z,w, x) in B where v = z and y = w . So, assume on the contrary that
there is an (M2)-conﬁguration in B . Without loss of generality, we can take the conﬁguration to
look like (0, y, z), (y, v,0), (0, v,w), (z,w,0) where y, v, z,w are non-zero. It follows that there are
numbers k1,k2 ∈ {−1,1} where
y = αk1 v,
z = αk2w,
−z = α−k2 (y − z),
−w = αk2 (v − w).
It follows that (αk2 − 1)(αk1−2k2 + 1) = 0. Since α /∈ {−1,1}, it must be that α2 − α + 1 = 0. But this
cannot happen by hypothesis.
Lastly, for showing that there are no (M3)-conﬁgurations, assume on the contrary, that there is
an (M3)-conﬁguration in B . Without loss of generality, we may take the conﬁguration to look like:
(0, y, z), (y,w,0), (0, z, v), (0, v,w) where y, v, z,w are non-zero. It follows that there are numbers
k1,k2,k3 ∈ {−1,1} where
−z = αk1 (y − z),
y = αk2w,
−v = αk3(z − v),
−w = αk2 (v − w).
It follows that αk2 = (1−α−k1 )(1−α−k2 )(1−α−k3 ). Hence χ(α−1) = 1. Let us consider the following
two cases:
1. k2 = 1. Then −v = α−1−α w ∈ S . Thus k3 = −1. But then z = (α−1)(−v) ∈ S . Thus k1 = 1. It follows
that α = 1/2 or α2 − α + 1 = 0, and both equations cannot be satisﬁed by hypothesis.
2. k2 = −1. Then v = (α − 1)(−w) ∈ S . Thus k3 = 1. But then −z = α−1−α v ∈ S . Thus k1 = −1. It
follows that α = 2 or α2 − α + 1 = 0, and both equations cannot be satisﬁed by hypothesis.
Hence B is a transitive meager square of order q on GF(q). 
Under certain conditions for the parameter α, a BGDSS(q) will be a meager square. To argue that
such a parameter can be found, we consider the following two lemmas.
Theorem 2.6. (See [6].) Let χ be a multiplicative character of order m > 1 of GF(q), and suppose that the
polynomial f (x) over GF(q) has d distinct zeros in the algebraic closure of GF(q) and is not a constant multiple
of an mth power. Then∣∣∣∣ ∑
x∈GF(q)
χ
(
f (x)
)∣∣∣∣ (d − 1)q1/2.
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Lemma 2.7. Suppose that q is an odd prime power. Let χ be a maximally even multiplicative character of
order 2m. Suppose that f1(x), f2(x), . . . , fn(x) are polynomials over GF(q) of degree 1 in x, having distinct
roots ρ1,ρ2, . . . , ρn, respectively. Let H be the set of ρ j ’s such that χ( f i(ρ j)) = 1 for every i = j. Let h = |H|.
Set
w = ⌈2−mnq − (n − 2−mn + 2−mn − 1)√q − 2−mh⌉.
Then there exist at least w solutions to the equations
χ
(
f1(x)
)= χ( f2(x))= · · · = 1. (2)
Proof. 2 Assume as in the hypothesis. For x ∈ GF(q), note that
2m−1∑
i=0
χ
(
xi
)=
{0, x = 0,1,
1, x = 0,
2m, x = 1.
Deﬁne
π(x) =
(
2m−1∑
i1=0
χ
(
f1(x)
i1
))( 2m−1∑
i2=0
χ
(
f2(x)
i2
)) · · ·
(
2m−1∑
in=0
χ
(
fn(x)
in
))
.
Then it is clear that π(x) = 2mn if x satisﬁes (2), π(x) = 2mn−m if x ∈ H and π(x) = 0 for all other
values of x. Deﬁne
Δ =
∑
x∈GF(q)
π(x).
It follows that the number of solutions to (2), L, is given by
L = Δ
2mn
− h
2m
. (3)
We prove the desired result by ﬁnding an appropriate lower bound for Δ using Theorem 2.6. Note
that
π(x) = 1+
2m−1∑
i1,i2,...,in=0
i1+i2+···+in =0
χ
((
f1(x)
)i1( f2(x))i2 . . . ( fn(x))in).
So
Δ = q +
2m−1∑
i1,i2,...,in=0
i1+i2+···+in =0
∑
x∈GF(q)
χ
((
f1(x)
)i1( f2(x))i2 . . . ( fn(x))in ).
Provided that i1 + i2 + · · · + in = 0, by Theorem 2.6 we have∣∣∣∣ ∑
x∈GFq
χ
((
f1(x)
)i1( f2(x))i2 . . . ( fn(x))in )
∣∣∣∣ (ri1,i2,...,in − 1)√q
where ri1,i2,...,in is the number of distinct roots of f
i1
1 f
i2
2 . . . f
in
n . But ri1,i2,...,in measures the number of
non-zero indices among {i1, i2, . . . , in}. Hence
2 The proof of Lemma 2.7 is a slightly modiﬁed proof of Lemma 4.1 in [2]. Lemma 4.1 was used for arguing that a class of
block transitive 6-sparse Steiner triple systems of order q cannot exist for inﬁnitely many orders q.
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n∑
k=2
(k − 1)
(
n
k
)(
2m − 1)k√q = q − (2mn−m((2m − 1)n − 2m)+ 1)√q.
Thus
L 
⌈
2−mnq − (n − 2−mn + 2−mn − 1)√q − 2−mh⌉= w.
So there are at least w solutions to (2). 
We now apply Lemma 2.7 in the following lemma to show the existence of a meager square for
large prime q.
Lemma 2.8. Suppose q is an odd prime power. Write q = 2mk + 1 with k odd and set
M = 1+ (2
2m − 2m+1 + 1)√24m − 23m+2 + 21 · 22m+1 + 1
2
+ 24m−1 − 23m+1 + 12 · 22m − 2m.
(4)
If q > M then there exists a BGDSS(q) that is a meager square.
Proof. Let χ be a maximally even multiplicative character of GF(q). Let A be the set of elements of
GF(q) that satisfy at least one of the following equations:
x2 − x+ 1 = 0, x2 − 3x+ 3 = 0, 3x2 − 3x+ 1 = 0,
x = −1, x = 2, x = 1/2.
Suppose we have an element α ∈ GF(q) where α /∈ A, χ(α) = −1 and χ(α−12 ) = −1. Then, by The-
orem 2.3, there exists a BGDSS(q) that is a meager square. Since |A|  9, such an α exists if we
can show that there are greater than 9 solutions to χ( f1(x)) = χ( f2(x)) = 1 where f1(x) = −x and
f2(x) = (1− x)/2. Applying Lemma 2.7 with n = 2 and (worst case scenario) h = 1 gives us the exis-
tence of this α if
2−2mq − (1− 21−m + 2−2m)√q − 2−m > |A| 9.
And 2−2mq − (1− 21−m + 2−2m)√q − 2−m > 9 holds exactly when q > M . 
Corollary 2.9. Let q be an odd prime, with q ≡ 1 mod 16, q 11, q = 13. Then there exists a transitive meager
system of order q.3
Proof. Suppose q is an odd prime, q ≡ 1 mod 16. Then q ≡ 3 mod 4, q ≡ 5 mod 8 or q ≡ 9 mod 16.
By Lemma 2.8, a transitive meager square exists of order q when q > 45, q > 305 or q > 3470, respec-
tively. For the remaining cases, except for q ∈ {19,37,41}, we give Table 1 listing the parameter α for
producing meager BGDSS(q).
Finally, for q ∈ {19,37,41} we give starter blocks for transitive meager squares on Z/qZ (see Ta-
ble 2). 
3 The spectrum of transitive BGDSS(q) that only avoid the (M2)- and (M3)-conﬁgurations is easier to analyze. For a ﬁxed q,
a BGDSS(q) with parameter α will avoid (M2)- and (M3)-conﬁgurations if χ(α) = −1, α2 − α + 1 = 0 and α /∈ {−1,2,1/2}.
Writing q as q = 2mk + 1 with k odd, there are k choices for α where χ(α) = −1. Thus, it is clear that such a square exists
for all odd prime q such that q does not have the form 2m + 1, (3)2m + 1 and (5)2m + 1. Furthermore, in the latter case when
q = (5)2m +1, α2 −α+1 = 0 has no solution. So we can ﬁnd the desirable α in this case. Hence, by Lemma 1.5 and Lemma 2.2
(also cf. [8]), transitive anti-mitre Steiner triple systems exist for all orders 3q where q is a prime, q not of the form 2m + 1 and
(3)2m + 1.
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Order α Order α Order α Order α
11 7 269 4 1129 9 2393 140
23 5 277 4 1193 89 2441 437
29 4 281 29 1289 51 2473 128
31 3 293 9 1321 25 2521 7
43 5 313 108 1433 190 2617 4
53 6 409 4 1481 8 2633 138
61 36 457 9 1609 180 2713 9
73 18 521 129 1657 36 2729 10
89 25 569 41 1721 20 2777 31
101 6 601 75 1753 36 2857 17
109 4 617 32 1801 7 2953 36
137 18 761 18 1913 334 2969 143
149 4 809 122 1993 50 3001 9
157 10 857 104 2089 51 3049 36
173 4 937 13 2137 42 3209 18
181 20 953 69 2153 64 3257 82
197 9 1033 152 2281 23 3433 4
229 4 1049 163 2297 26 3449 118
233 170 1097 164 2377 9
Table 2
Order q Starter blocks
19 (1,18,0) (2,16,0) (3,14,0) (4,11,0) (5,8,0) (6,10,0) (7,17,0) (9,15,0) (12,13,0)
37 (1,36,0) (2,33,0) (3,35,0) (4,34,0) (5,32,0) (6,30,0) (7,29,0) (8,28,0) (9,23,0) (10,26,0) (11,19,0)
(12,31,0) (13,22,0) (14,25,0) (15,27,0) (16,20,0) (17,18,0) (21,24,0)
41 (1,40,0) (2,38,0) (3,37,0) (4,39,0) (5,36,0) (6,35,0) (7,34,0) (8,33,0) (9,29,0) (10,27,0) (11,30,0)
(12,25,0) (13,24,0) (14,32,0) (15,18,0) (16,31,0) (17,26,0) (19,23,0) (20,28,0) (21,22,0)
3. Meager system construction of order 8v − 7
The following lemma is used in Lemmas 3.2 and 4.3 to aid in showing various constructions are
Meager systems:
Lemma 3.1. Suppose B0 , B1 and B2 are deleted symmetric squares on a set V , and suppose (V , B0, B1, B2)
contains an (M1), (M2) or (M3)-conﬁguration which we label as M. If, for each i ∈ {0,1,2}, the triples of M
from Bi are super-symmetric with respect to Bi , then M is contained in at least two of B0 , B1 and B2 .
Proof. If (V , B0, B1, B2) contains an (M1)-conﬁguration, then the result is clear.
If (V , B0, B1, B2) contains an (M2)-conﬁguration:
(x, y, z), (y, v, x), (x, v,w) ∈ Bt , (z,w, x) ∈ Bt+1,
where (x, y, z), (y, v, x) and (x, v,w) are super-symmetric triples of Bt and (z,w, x) is a super-
symmetric triple of Bt+1, then v = z and w = y, and so (x, y, z), (y, v, x), (x, v,w), (z,w, x) ∈
Bt ∩ Bt+1.
Lastly, if (V , B0, B1, B2) contains an (M3)-conﬁguration:
(x, y, z), (y,w, x) ∈ Bt , (x, z, v) ∈ Bt+1 and (x, v,w) ∈ Bt+2
where (x, y, z) and (y,w, x) are super-symmetric tripes of Bt , (x, z, v) is a super-symmetric triple
of Bt+1 and (x, v,w) is a super-symmetric triple of Bt+2, then w = z. But then v = y and so
(x, y, z), (y,w, x), (x, z, v), (x, v,w) ∈ B0 ∩ B1 ∩ B2. 
Lemma 3.2. Let v and n be odd positive integers. Let A and B be symbols and let be R be an n-set. Deﬁne the
2n+ 1-set W = {Ai | i ∈ R} ∪ {Bi | i ∈ R} ∪ {∞}. Suppose we have a meager system (W , T0, T1, T2) of order
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such that for each i ∈ {0,1,2} and for each of the six permutations σ that permute the coordinate positions of
ordered triples, each of the following types of conﬁgurations are avoided:
1. (∞, Xa, Xb), (∞, Yc, Yd) ∈ Ti , (x,a,d), (x,b, c) ∈ σ(Ni).
2. (Xa, Xb,∞), (Yc, Yd,∞) ∈ Ti , (x,a,d), (x,b, c) ∈ σ(Ni),
where X, Y ∈ {A, B} and x,a,b, c,d ∈ R. Lastly, suppose we have a 4-sparse Steiner triple system of order v.
Then there exists a meager system of order (v − 1)n + 1.
Proof. Assume the conditions in the hypothesis. Set q = (v − 1)/2, and deﬁne E = {0,1,2, . . . ,q − 1}.
Let V = {Ai | i ∈ E} ∪ {Bi | i ∈ E} and let (V ∪ {∞}, S) be a 4-sparse Steiner triple system of order v
such that the system contains the triples {Ai, Bi,∞} for each i ∈ Q . We construct three deleted
symmetric squares B0, B1 and B2 on (V × R)∪ {∞} of order (v −1)n+1 as follows. The triples of Bi
are:
1. For each j = {0,1,2,3, . . . ,q − 1}, identifying A jx and B jx in our construction with points Ax and
Bx of W , respectively, place a copy of the triples of Ti on {A jx | x ∈ Z/nZ} ∪ {B jx | x ∈ Z/nZ} ∪ {∞}.
2. For each triple {x, y, z} of S with x, y, z ∈ V , ﬁx an ordering for the triple (the same for each i),
say (x, y, z), and include all six ordered triples from the 3-set {xa, yb, zc} where (a,b, c) ∈ Ni .
We refer to triples of type 1 as horizontal triples on level j, respectively, and we refer to triples
of type 2 as vertical triples. Note that if two triples from Bi and B j have triples from the 3-sets
{x, y, z} and {x, y,w}, respectively, then it follows that the two triples are both vertical or both on
the same horizontal level. Thus, it is clear that if any (Q ), (M1), (M2) or (M3)-conﬁgurations arise, the
conﬁguration must be composed of only vertical triples or only horizontal triples on the same level.
In the latter case, the triples would have been derived from corresponding triples in (R0, R1, R2)
or (T0, T1, T2) depending on the level, which cannot happen. Thus we can assume, in the worst
case scenario, that each triple of the conﬁguration is vertical. However, the vertical triples of B1, B2
and B3 are each super-symmetric, respectively. Furthermore, they are disjoint with each other based
on the fact that the N2 Latin squares N0, N1 and N2 are pairwise disjoint. Thus, by Lemma 3.1,
there can be no (M1), (M2) or (M3)-conﬁgurations occurring. Lastly, suppose that a (Q )-conﬁguration
exists between these vertical triples. Then the forms of the triples in the conﬁguration come from the
Steiner triple system:
{x, y, z}, {x, z,w}, {x,w, y}
for some triples x, y, z,w ∈ V and {x, y, z}, {x, z,w}, {x,w, y} ∈ S . Then w = z which cannot happen.
To see that the each square Bi is N2, suppose on the contrary that there is some subsquare of
order 2 in Bi .
1. There are no horizontal triples in the subsquare. Then the form of the subsquare must be composed
of the same triple since S is anti-Pasch. But then the subscripts of the subsquare would form a
subsquare in Ni which cannot happen.
2. ∞ does not occur in the subsquare and there is at least one horizontal triple in the subsquare. It follows
that each triple of the subsquare is horizontal on the same level. But projecting to the subscripts
gives us a subsquare of order 2 in Ti which cannot happen.
3. ∞ occurs in the subsquare. Since Ti is N2, not all the triples in the subsquare can be horizontal.
It follows that there are exactly two horizontal triples (those with ∞) and two vertical triples.
Since the square Bi is symmetric, without loss of generality we may assume that the subsquare
has ∞ in the ﬁrst coordinate of two triples or in the third coordinate of two triples. In the ﬁrst
case we can rearrange the triples of the subsquare to look like:(∞, X ja,U jb), (∞, Ykc , V kd), (Zxe , X ja, V kd), (Zxe , Ykc ,U jb)
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lows that either X = U and Y = V or both X = U and Y = V . In the former case, if X = U and
Y = V , then projecting the subsquare to its form gives us a Pasch in S which cannot exist. In
the latter case, we have (∞, Xa, Xb), (∞, Yc, Yd) ∈ Ti and depending on how the ordering of the
elements {Z , X, Y } was chosen, we have some permutation σ that permutes the positions of the
triples of Ni so that (e,a,d), (e,b, c) ∈ σ(Ni). However, this gives us a forbidden conﬁguration of
the ﬁrst kind which is avoided. A similar argument holds if we assume that the subsquare has ∞
as the third position of two triples. Thus each Bi is N2 and so ((V × R) ∪ {∞}, B0, B1, B2) is a
meager system. 
We apply Lemma 3.2 to a special meager system of order 17 and three special N2 Latin squares of
8 to construct the following:
Corollary 3.3. Suppose there is a 4-sparse Steiner triple system of order v. Then there exist meager systems of
order 8v − 7.
Proof. Consider the following meager square T ′ on {∞, A0, . . . , A7, B0, . . . , B7} (the rows and
columns are labeled in order as ∞, A0, . . . , A7, B0, . . . , B7, respectively).
T ′ =
_ B1 B0 B2 B5 B3 A0 B6 B4 B7 A6 A2 A7 A5 A1 A3 A4
B1 _ B6 A4 A5 A3 A7 B5 A1 B4 B3 B7 A6 B0 A2 B2 ∞
B0 B6 _ A5 B7 B2 B4 A7 A6 B3 A3 B1 A0 ∞ A4 B5 A2
B2 A4 A5 _ A6 A0 A3 B1 B3 B5 A7 B6 B0 A1 ∞ B7 B4
B5 A5 B7 A6 _ B0 B6 A2 B1 A7 A1 A4 B4 A0 B2 ∞ B3
B3 A3 B2 A0 B0 _ A1 A5 B7 B6 A2 ∞ B1 B5 B4 A7 A6
A0 A7 B4 A3 B6 A1 _ A4 B2 A6 ∞ B3 A2 B1 B7 B0 B5
B6 B5 A7 B1 A2 A5 A4 _ B0 ∞ A0 A1 B2 B7 B3 B4 A3
B4 A1 A6 B3 B1 B7 B2 B0 _ A4 B5 A5 ∞ A3 A0 A2 B6
B7 B4 B3 B5 A7 B6 A6 ∞ A4 _ B2 A3 A1 A2 A5 A0 B1
A6 B3 A3 A7 A1 A2 ∞ A0 B5 B2 _ B4 B7 A4 B6 A5 B0
A2 B7 B1 B6 A4 ∞ B3 A1 A5 A3 B4 _ B5 A7 B0 A6 A0
A7 A6 A0 B0 B4 B1 A2 B2 ∞ A1 B7 B5 _ B6 A3 A4 A5
A5 B0 ∞ A1 A0 B5 B1 B7 A3 A2 A4 A7 B6 _ A6 B3 B2
A1 A2 A4 ∞ B2 B4 B7 B3 A0 A5 B6 B0 A3 A6 _ B1 A7
A3 B2 B5 B7 ∞ A7 B0 B4 A2 A0 A5 A6 A4 B3 B1 _ A1
A4 ∞ A2 B4 B3 A6 B5 A3 B6 B1 B0 A0 A5 B2 A7 A1 _
It is easy to check that the meager square T ′ taking the role of T0, T1 and T2 in Lemma 3.2 in
conjunction with the three pairwise disjoint N2 Latin squares N ′0, N ′1 and N ′2 of order 8
N ′0 =
0 7 6 5 4 3 2 1
7 6 4 0 2 1 3 5
3 1 0 2 5 7 6 4
4 0 2 1 3 6 5 7
5 2 7 6 0 4 1 3
1 4 3 7 6 5 0 2
2 3 5 4 1 0 7 6
6 5 1 3 7 2 4 0
, N ′1 =
1 0 7 6 5 4 3 2
0 7 5 1 3 2 4 6
4 2 1 3 6 0 7 5
5 1 3 2 4 7 6 0
6 3 0 7 1 5 2 4
2 5 4 0 7 6 1 3
3 4 6 5 2 1 0 7
7 6 2 4 0 3 5 1
,
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2 1 0 7 6 5 4 3
1 0 6 2 4 3 5 7
5 3 2 4 7 1 0 6
6 2 4 3 5 0 7 1
7 4 1 0 2 6 3 5
3 6 5 1 0 7 2 4
4 5 7 6 3 2 1 0
0 7 3 5 1 4 6 2
satisfy the conditions of Lemma 3.2 and thus allow for the construction of a meager system of order
8(v − 1) + 1 = 8v − 7 from a 4-sparse Steiner triple system of order v . 
4. Cross product meager constructions
In this section we present cross product meager constructions that lead to the existence of meager
systems of order mn from meager systems of order n.
Lemma 4.1. Let m and n be odd numbers where 3,7  m and n  7. Suppose there exists a meager system of
order n. Then there exists a meager system of order mn.
Proof. Let (Z/nZ, S0, S1, S2) be a meager system of order n. For each i ∈ {0,1,2}, deﬁne the squares
Li =
{
(x, y, z)
∣∣ z = (x+ y)/2+ i}
where the arithmetic is done modulo n. We construct a meager system of order mn, (Z/mZ ×
Z/nZ, B0, B1, B2). For each i ∈ {0,1,2}, deﬁne the deleted symmetric square Bi as containing the
two kinds of triples:
1. (Xa, Xb, Xc) for (a,b, c) ∈ Si and X ∈ Z/mZ.
2. (Xa, Yb, Zc) for (a,b, c) ∈ Li and 2Z = X + Y and X, Y , Z distinct elements of Z/mZ.
It is clear that each Bi is a deleted symmetric square. To see the each Bi is N2, suppose on the
contrary that there is a subsquare of order 2 in Bi . If one of the triples is of the ﬁrst kind, then all
of the triples are of the ﬁrst kind, and the subsquare would have been derived from a subsquare of
order 2 in Si which cannot happen. Thus each triple in the subsquare is of the second kind. Projecting
the subsquare to its form gives us:
(X, Y , Z), (X, A, B), (W , Y , B), (W , A, Z)
where X, Y , Z , A, B,W are distinct elements of Z/mZ and
Z = (X + Y )/2,
B = (X + A)/2,
B = (W + Y )/2,
Z = (W + A)/2,
which cannot be satisﬁed.
If we have a (Q ), (M1), (M2) or (M3)-conﬁguration in the system and if there are any triples of
the ﬁrst kind in the conﬁguration, then all of the triples are of the ﬁrst kind, and the subscripts of
the conﬁguration would have been derived from the corresponding conﬁguration in (Z/nZ, S0, S1, S2)
which cannot happen. Thus the triples in the conﬁguration must all be of the second kind. With this
in mind, consider the following cases:
1. There is a (Q )-conﬁguration. The form of the triples of the conﬁguration looks like:
(X, Y , Z), (X, Z ,W ), (X,W , Y )
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Z = (X + Y )/2,
W = (X + Z)/2,
Y = (X + W )/2,
for some distinct X, Y , Z ,W ∈ Z/mZ. These equations imply that 7X = 7Y . Since 7  m, we have
X = Y which cannot happen.
2. There is an (M1)-conﬁguration. The form of the triples of the conﬁguration looks like:
(X, Y , Z), (X, Z , Y ), (Y , Z , X)
where
Z = (X + Y )/2,
Y = (X + Z)/2,
X = (Y + Z)/2,
for some distinct X, Y , Z ∈ Z/mZ. Then 3X = 3Y which implies that X = Y which cannot happen.
3. There is an (M2)-conﬁguration. The subscripts of the triples of the conﬁguration look like:
(x, y, z), (y, v, x), (x, v,w), (z,w, x)
where
z = (x+ y)/2+ a,
x = (y + v)/2+ a,
w = (x+ v)/2+ a,
x = (z + w)/2+ b,
for some x, y, z, v,w ∈ Z/nZ and a,b distinct elements of {0,1,2}. Thus
z = (x+ y)/2+ a,
(y + v)/2+ a = x,
w = (x+ v)/2+ a,
2x = (z + w) + 2b.
Equating the sum of the right-hand sides with the sum of the left-hand sides of the above equations
yields 2b + a = 0 which cannot happen since n = 5.
4. There is an (M3)-conﬁguration. The form of the triples of the conﬁguration looks like:
(X, Y , Z), (Y ,W , X), (X, Z , V ), (X, V ,W )
where
Z = (X + Y )/2,
X = (Y + W )/2,
V = (X + Z)/2,
W = (X + V )/2,
for some distinct X, Y , Z ,W , V ∈ Z/mZ. Then 9X = 9Y , and so X = Y which cannot happen. 
To eliminate the condition that 7 m, we give the following lemma:
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exists a meager system of order 7n.
Proof. Let (Z/nZ, S0, S1, S2) be a meager system of order n. For each i ∈ {0,1,2}, deﬁne the squares
Li =
{
(x, y, z)
∣∣ z = (x+ y)/2+ i}.
Deﬁne the following three deleted symmetric squares R0, R1 and R2 of order 7 on a 7-set H =
{0,1,2,3,4,5,6} as:
R0 =
_ 6 5 4 2 1 3
6 _ 4 0 5 3 2
5 4 _ 1 3 6 0
4 0 1 _ 6 2 5
2 5 3 6 _ 0 1
1 3 6 2 0 _ 4
3 2 0 5 1 4 _
, R1 =
_ 5 6 1 2 3 4
5 _ 3 6 0 4 2
6 3 _ 4 1 0 5
1 6 4 _ 5 2 0
2 0 1 5 _ 6 3
3 4 0 2 6 _ 1
4 2 5 0 3 1 _
, R2 =
_ 4 6 5 2 1 3
4 _ 3 0 5 6 2
6 3 _ 4 1 0 5
5 0 4 _ 6 2 1
2 5 1 6 _ 3 0
1 6 0 2 3 _ 4
3 2 5 1 0 4 _
.
We construct a meager system (H ×Z/nZ, B0, B1, B2) of order 7n. For each i ∈ {0,1,2}, deﬁne the
deleted symmetric square Bi as containing the two kinds of triples:
1. (Xa, Xb, Xc) for (a,b, c) ∈ Si and X ∈ H .
2. (Xa, Yb, Zc) for (a,b, c) ∈ Li and (X, Y , Z) ∈ Ri with X, Y , Z distinct elements of H .
For each i ∈ {0,1,2}, it is easy to check that Ri is N2. Since Si is N2 it is clear that Bi is N2. To see
that (H×Z/nZ, B0, B1, B2) is a meager system, notice that any (Q ), (M1), (M2) or (M3)-conﬁguration
that may exist cannot have any triples of the ﬁrst kind since this would imply that all the triples
of the conﬁguration are of the ﬁrst kind and projecting to the subscripts would lead to the corre-
sponding conﬁguration in (Z/nZ, S0, S1, S2) which cannot happen. Then each triple of the conﬁg-
uration would be of the second kind. Projecting the triples to their form would lead to a conﬁg-
uration in (H, R0, R1, R2). However, it is easy to check that of (Q ), (M1)–(M3)-conﬁgurations, only
(M2)-conﬁgurations exist in (H, R0, R1, R2). Thus the conﬁguration in (H ×Z/nZ, B0, B1, B2) must be
an (M2)-conﬁguration. Projecting the conﬁguration to the subscripts gives us:
(x, y, z), (y, v, x), (x, v,w), (z,w, x)
where
z = (x+ y)/2+ a,
x = (y + v)/2+ a,
w = (x+ v)/2+ a,
x = (z + w)/2+ b,
for some x, y, z, v,w ∈ Z/nZ and a,b distinct elements of {0,1,2}. Then 2b + a = 0 which cannot
happen since n = 5. Thus (H × Z/nZ, B0, B1, B2) is a meager system. 
We provide one more direct product construction in the following lemma:
Lemma 4.3. Suppose we have a 4-sparse Steiner triple system of order m and a meager system of order n. Then
there exists a meager system of order mn.
Proof. Let (V , B) be a 4-sparse Steiner triple system on the m-set V . Let (Z/nZ, S0, S1, S2) be a
meager system of order n. We construct three deleted symmetric squares B0, B1 and B2 on V ×Z/nZ
by setting the triples of Bi as the following two kinds:
A.J. Wolfe / Journal of Combinatorial Theory, Series A 115 (2008) 1487–1503 15011. (Xa, Xb, Xc) for X ∈ V and (a,b, c) ∈ Si ,
2. (Xa, Yb, Zc) for {X, Y , Z} ∈ B and a + b + c = i.
Note that each Bi is a deleted symmetric square. Also, there can be no subsquares of order 2 in Bi
since otherwise the triples of the subsquare would all be of the ﬁrst kind or all be of the second kind.
In the former case, projecting the triples to the subscripts gives us a subsquare of order 2 in Si which
cannot happen. In the latter case, since the forms of the triple come from a 4-sparse system, the only
possible subsquares of order 2 must look like:
(Xa, Yb, Zc), (Xa, Yd, Ze), (X f , Yb, Ze), (X f , Yd, Zc)
where {X, Y , Z} ∈ B , a,b, c,d, e, f ∈ Z/nZ and
a + b + c = i,
a + d + e = i,
f + b + e = i,
f + d + c = i.
This implies that a = f and c = e which would mean that the subsquare of order 2 was not composed
of 4 distinct triples.
Thus each Bi is N2. Also, if a (Q ), (M1), (M2) or (M3)-conﬁguration arises in (V × Z/nZ,
B0, B1, B2), then all the triples in the conﬁguration are either of the ﬁrst kind or all of them are of the
second kind. In the former case, we arrive at the corresponding conﬁguration in (Z/nZ, S0, S1, S2) by
projecting the conﬁguration to the subscripts, which cannot happen. In the latter case, the triples of
the conﬁguration are all super-symmetric and restricting the squares B0, B1 and B2 to only the triples
of the second kind, the resulting squares are pairwise disjoint. Hence by Lemma 3.1, there will be no
(M1), (M2) and (M3)-conﬁgurations. Lastly, suppose we have a (Q )-conﬁguration. Then the forms of
the triples look like
(X, Y , Z), (X, Z ,W ), (X,W , Y )
where {X, Y , Z}, {X, Z ,W }, {X,W , Y } ∈ B . Then Y = W which cannot be. Thus (V ×Z/nZ, B0, B1, B2)
is a meager system of order mn. 
Combining Lemmas 4.1, 4.2 and 4.3 (the last lemma utilized for m = 3) we arrive at Theorem 4.4.
Theorem 4.4. Let m and n be any odd positive integers. Suppose there is a meager system of order n. Then
there exists a meager system of order mn.
5. Spectrum of meager systems and 5-sparse Steiner triple systems of order 3 mod 6
In this section we prove that meager systems of order n exist of all odd n, n  9 thus resolving
the question on the spectrum of meager systems and the main question of the spectrum of 5-sparse
Steiner triple systems for order 3 mod 6.
Theorem 5.1. Let n be an odd number, n 9. Then a meager system of order n exists.
Proof. Let n be an odd number with n 9. Consider the following two cases:
1. n ≡ 1 mod 16. Then n has a prime divisor p, with p ≡ 1 mod 16. If there is such a prime divisor
p with p /∈ {3,5,7,13}, then by Corollary 2.9, there exists a (transitive) meager square of order p.
Thus, by Theorem 4.4, there exists a meager system of order n.
On the other hand, if every prime divisor of n lies in the set {3,5,7,13}, then with The-
orem 4.4 in mind, we only have to show that meager systems exist for orders n, where n ∈
{9,13,15,21,25,35,49}. Meager systems of these orders are described in the tables below. Ta-
ble 3 illustrates meager systems of order 9 and 13 where each square is diagonally cyclic over
Z/9Z and Z/13Z, respectively. Table 4 shows the existence of transitive meager squares of order
n ∈ {15,21,25,35,49} on Z/nZ.
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Starter blocks for diagonally cyclic meager systems over Z/9Z and Z/13Z,
respectively
Order Starter blocks
9 B0 (1,7,0), (2,4,0), (3,8,0), (5,6,0)
B1 (1,5,0), (2,4,0), (3,6,0), (7,8,0)
B2 (1,3,0), (2,5,0), (4,8,0), (6,7,0)
13 B0 (1,12,0), (2,11,0), (3,10,0), (4,9,0), (5,8,0), (6,7,0)
B1 (1,11,0), (2,10,0), (3,7,0), (4,6,0), (5,12,0), (8,9,0)
B2 (1,6,0), (2,9,0), (3,5,0), (4,8,0), (7,10,0), (11,12,0)
Table 4
Starter blocks for meager squares of order n ∈ {15,21,25,35,49} on Z/nZ
Order q Starter blocks
15 (1,12,0) (2,8,0) (3,6,0) (4,14,0) (5,13,0) (7,9,0) (10,11,0)
21 (1,20,0) (2,18,0) (3,17,0) (4,8,0) (5,11,0) (6,16,0) (7,15,0) (9,12,0) (10,19,0) (13,14,0)
25 (1,24,0) (2,22,0) (3,21,0) (4,20,0) (5,17,0) (6,9,0) (7,18,0) (8,12,0) (10,16,0) (11,19,0) (13,23,0)
(14,15,0)
35 (1,34,0) (2,30,0) (3,33,0) (4,31,0) (5,28,0) (6,32,0) (7,27,0) (8,25,0) (9,23,0) (10,29,0) (11,24,0)
(12,22,0) (13,16,0) (14,20,0) (15,26,0) (17,21,0) (18,19,0)
49 (1,47,0) (2,46,0) (3,45,0) (4,44,0) (5,43,0) (6,42,0) (7,41,0) (8,40,0) (9,39,0) (10,38,0) (11,37,0)
(12,36,0) (13,35,0) (14,34,0) (15,27,0) (16,32,0) (17,48,0) (18,20,0) (19,33,0) (21,31,0) (22,30,0)
(23,29,0) (24,28,0) (25,26,0)
Table 5
Starter blocks for a meager square of order 97 on Z/97Z
Order q Starter blocks
97 (1,95,0) (61,72,0) (35,27,0) (2,94,0) (25,11,0) (70,89,0) (3,93,0) (86,47,0) (8,54,0) (4,92,0)
(50,83,0) (43,19,0) (5,96,0) (14,36,0) (78,62,0) (6,91,0) (75,22,0) (16,81,0) (7,87,0) (39,69,0)
(51,38,0) (9,88,0) (64,33,0) (24,73,0) (10,66,0) (28,49,0) (59,79,0) (12,41,0) (53,76,0) (32,77,0)
(13,60,0) (17,71,0) (67,63,0) (15,30,0) (42,84,0) (40,80,0) (18,52,0) (31,68,0) (48,74,0) (20,45,0)
(56,29,0) (21,23,0) (26,85,0) (34,44,0) (37,65,0) (46,82,0) (90,55,0) (58,57,0)
2. n ≡ 1 mod 16. If 3 | n, then we can apply case (1) to n/3 to argue that a meager system of
order n/3 exists, and then apply Theorem 4.4 to get a meager system of order n. So we can reduce
to the case of 3  n. Then we can write n = 8v − 7 where v ≡ 1,3 mod 6. If a 4-sparse Steiner triple
system of order v exists, then we are done by Corollary 3.3. Lastly, if v ∈ {7,13}, then n ∈ {49,97}. If
n = 49, then Table 4 gives us a transitive meager square of order 49. If n = 97, then Table 5 gives us
a transitive meager square of order 97.
Thus a meager system exists of order n for all odd n, n 9. 
It should be noted that an exhaustive computer search can verify that no meager systems exist of
order n ∈ {3,5,7}. Thus Theorem 5.1 reveals the full spectrum of orders admitting meager systems.
Corollary 5.2. There exists a 5-sparse Steiner triple system of order n, n ≡ 3 mod 6, n /∈ {9,15}.
Proof. If n ≡ 3 mod 6 and n > 21, then applying Theorem 5.1 to the order n/3 gives us a meager
system of order n/3. Then applying Lemma 1.5 gives us a 5-sparse Steiner triple system of order n.
For n = 21, a 5-sparse Steiner triple system is known to exist (see [9]). Finally a 5-sparse Steiner triple
system of order 3 exists trivially. 
Note that it is well known that no 5-sparse Steiner triple system exists of orders 9 and 15. So
Corollary 5.2 gives the spectrum of 5-sparse Steiner triple systems for n ≡ 3 mod 6.
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